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Abstract— While classic controller design methods rely on
a model of the underlying dynamics, data-driven methods
allow to compute controllers leveraging solely a set of previ-
ously recorded input-output trajectories, with relatively mild
assumptions. Assuming knowledge of the dynamics is espe-
cially unrealistic in decentralized systems, since information
is typically localized by design. In this paper we investigate
a decentralized data-driven approach to learn quadratically-
optimal controls for interconnected linear systems. Our main
result is a distributed algorithm that computes a control input to
reach a desired target configuration with provable, and tunable,
suboptimality guarantees. Our distributed procedure converges
after a finite number of iterations and the suboptimality gap can
be characterized analytically in terms of the data properties.
Our algorithm relies on a new set of closed-form data-driven ex-
pressions of quadratically-optimal controls, which complement
the existing literature on data-driven linear-quadratic control.
We complement and validate our theoretical analysis by means
of numerical simulations with different interconnected systems.

I. INTRODUCTION

With ever improving capabilities in sensor accuracy, stor-
age efficiency, and processing power, data-driven tools to
design controllers for systems with unknown and complex
dynamics have seen a spike in popularity. These approaches
depart from the classic system identification plus control
design approach [1], as they allow to synthesize a controller
directly from a collection of recorded controlled trajectories,
bypassing the identification step altogether. Successes, and
failures, of this data-enabled approach to control are numer-
ous, e.g., [2]–[5], justifying the ongoing research interest.

Differently from most studies, which have focused on
centralized data-driven problems where all data is processed
at a central location, in this paper we study a data-driven
control problem for an interconnected system, where local
subsystems have access to only a subset of the available
data. In this case, since both a model of the dynamics as well
as the complete set of experimental data are not available at
any particular location, subsystems must cooperate to collab-
oratively process the experimental data and obtain suitable
control inputs. This distributed scenario is particularly appro-
priate for large network systems, where the dimensionality
and distributed nature of the system challenge the collection
of data from geographically sparse sensors, and whenever
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the behavior of certain parts of the system should remain
private, thus preventing the use of global experimental data.
Related work. A large body of research on data-driven con-
trol has focused on noiseless linear time-invariant dynamics
and centralized settings. In particular, a number of works
in this area have proposed data-based solutions to several
control problems for linear systems, including open-loop
optimal control [3], [6]–[8], closed-loop and robust control
[4], [9]–[11], and predictive control [12], [13]. Recently, the
more challenging nonlinear and noisy case has been also
addressed in, e.g., [14]–[18]. However, to the best of our
knowledge, the computation of data-driven controllers for
decentralized systems is still a largely unexplored area, with
a few notable exceptions [5], [19]. The work most similar
to ours is [5], where the authors propose a distributed data-
driven solution to the finite-horizon linear-quadratic problem
based on a primal-dual distributed optimization algorithm.
In our paper, we adopt a similar setting but use a different
distributed approach to find a data-based solution to the
problem. Differently from [5], our approach relies on a
new set of closed-form expressions of optimal controls, and
provably converges to a feasible solution in a finite number of
steps, bounded by the diameter of the interconnection graph.
Paper contribution. The main contribution of this paper is
a distributed algorithm for the design of optimal controls for
an interconnected system with unknown dynamics. Our ap-
proach is data-driven, as it only relies on previously recorded
input-output trajectories of the system. First, we derive novel
closed-form data-driven expressions of quadratically-optimal
controls to drive a linear system to a desired final state.
Then, we present a distributed algorithm based on iterative
projections for the interconnected subsystems to compute
such controls, using only locally-collected experimental data
and local interactions. A desirable property of our approach
is that it converges in a finite number of iterations, and that its
suboptimality gap can be characterized and made arbitrarily
small as a function of the available data and parameters.
Paper organization. The paper is organized as follows. In
Sec. II we describe the considered system and introduce the
problem setup. In Sec. III we derive closed-form solutions to
the problem of designing optimal data-driven controls, and
present our distributed algorithm. We validate our results in
Sec. IV, and leave all proofs in the Appendix.
Notation. Let R, R>0 and R≥0 denote the set of real, posi-
tive real, and non-negative real numbers, respectively. Given
a matrix A ∈ Rn×m, Im(A) and Ker(A) denote the image
and kernel of A. Given a subspace V , we write Basis(V) to
denote any full rank matrix whose columns span the subspace
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V . For any non-square matrix A, we denote its Moore-
Penrose pseudoinverse as A† and its transpose as A>. We
let blk-diag(A1, . . . , An) be the block diagonal matrix with
blocks Ai ∈ Rki×ki . We let A � 0 (A � 0) denote a positive
definite (positive semidefinite) matrix, and A1/2 the square
root of the positive semidefinite matrix A. Finally, given vec-
tors xi ∈ Rni , i ∈ {1, 2, . . . , `}, we let col(x1, x2, . . . , x`) =[
x>1 x>2 · · · x>`

]> ∈ Rn1+n2+···+n` .

II. PROBLEM SETUP AND PRELIMINARY RESULTS

We study a data-driven control problem for an intercon-
nected system comprising M subsystems with dynamics

xi(t+ 1) = Aiixi(t) +

M∑
j=1
j 6=i

Aijxj(t) +Biui(t), (1)

where xi ∈ Rni and ui ∈ Rmi are the state and input of
subsystem i, respectively, and Aij , Bi are constant matrices
of appropriate dimension, with i, j ∈ {1, . . . ,M}. Let G =
(V, E) be the (directed) interconnection graph among the
subsystems, where V = {1, . . . ,M} and E = {(i, j) :
Aij 6= 0}, and let Ni be the neighboring set of node i,
i.e., j ∈ Ni ⇐⇒ Aij 6= 0. Notice that the interconnection
matrices Aij , as well as the local input matrices Bi, are not
required to be nonzero. See Fig. 1 for an illustrative example.

Let
∑M
i=1 ni = n and

∑M
i=1mi = m, and notice that x1(t+ 1)

...
xM (t+ 1)


︸ ︷︷ ︸

x(t+1)

=

A11 · · · A1M

...
. . .

...
AM1 · · · AMM


︸ ︷︷ ︸

A

 x1(t)
...

xM (t)


︸ ︷︷ ︸

x(t)

+

B1 0 0
. . .

0 0 BM


︸ ︷︷ ︸

B

 u1(t)
...

uM (t)


︸ ︷︷ ︸

u(t)

(2)

where A ∈ Rn×n and B ∈ Rn×m are the dynamics and
input matrices of the interconnected system. We assume that
(A,B) is controllable in T -steps [20] and that x(0) = 0.

We study the following finite-time optimal control problem
with quadratic cost function and terminal constraint:

min
u1,...,uM

T−1∑
t=0

M∑
i=0

x>i (t)Q>i Qixi(t) + u>i (t)R>i Riui(t)

(3)

subject to xi(t+ 1) = Aiixi(t) +

M∑
j=1
j 6=i

Aijxj(t) +Biui(t)

xi(T ) = xf
i, with i, j ∈ {1, . . . ,M},

where Qi and Ri are arbitrary matrices of appropriate
dimension with R>i Ri � 0, for all i ∈ {1, . . . ,M}.1 If the

1We assume the matrices Qi and Ri to be constant, although our analysis
applies directly also to the case where these matrices are time varying.

(a) (b)

x1,1

x1,2

x1,3

x2,1

x2,2 x2,3

x3,1

x3,2
u1

u2

u3

x1 x3

x2

Fig. 1. This figure shows an interconnected system with three subsystems,
as described in (2). Subsystems 1 and 2 consist of ni = 3 states each,
while subsystem 3 has ni = 2 states. All subsystems have one input, i.e.,
ui = 1. Panel (a) describes the interconnected system. Panel (b) describes
the interconnection graph G among subsystems.

system matrices are known, the solution to problem (3) can
be readily derived.2 To see this, let

x(1)
x(2)

...
x(T )


︸ ︷︷ ︸

XT

=


B · · · 0 0
AB · · · 0 0

. . .
AT−1B · · · AB B


︸ ︷︷ ︸

FT


u(0)
u(1)

...
u(T − 1)


︸ ︷︷ ︸

UT

, (4)

and let x(T ) = xf = col(xf
1, . . . , x

f
M ) and

CT =
[
AT−1B · · · AB B

]
. (5)

Using (4)-(5) and substituting the constraints into the cost
function, the minimization problem (3) can be rewritten as

min
w

∥∥∥P 1/2(C†Tx
f +KCw)

∥∥∥2
2
, (6)

where KC = Basis(Ker(CT )), P = F>T Q
>QFT +R>R,

R = blk-diag(R1, . . . , RM︸ ︷︷ ︸
time 0

, . . . , R1, . . . , RM︸ ︷︷ ︸
time T−1

), and

Q = blk-diag(Q1, . . . , QM︸ ︷︷ ︸
time 0

, . . . , Q1, . . . , QM︸ ︷︷ ︸
time T−1

).
(7)

Finally, computing the minimizer of (6) yields

U∗T = (I −KC(P 1/2KC)†P 1/2)C†Tx
f, (8)

which equals the unique minimizer of (3).
In this paper we seek a solution to the minimization

problem (3) when the system matrices are not known and,
instead, a set of local control experiments is available to
the subsystems. In particular, we assume that the subsystems
have completed a set of N experiments where, starting from
the origin, each subsystem injects (non-optimal and possibly

2Problem 3 is convex and feasible, because (A,B) is controllable. Thus,
a unique solution always exists.
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Fig. 2. This figure shows the convergence of data-driven expressions (11)
and (12) to the model based solution (8). The system interconnections are
described in Fig. 1 (matrices Aij are chosen from a random distribution).
In this example, Assumption 2.1 is satisfied from T = 90, after which the
optimal solution is reached. The optimality error is the two-norm difference
of the cost function J(x, u) in (8) and (11), (resp. (8) and (12)), and the
feasibility error is the two-norm of distance from the desired final state.

random) control sequences of length T and records its state
trajectory. The data recorded by the i-th subsystem is

Xi =
[
X1
i · · · XN

i

]
, Ui =

[
U1
i · · · UNi

]
, and

Yi =
[
Y 1
i · · · Y Ni

]
,

(9)

where Xi contains the state trajectories, Ui the control
sequences, and Yi the final states of subsystem i during the N
experiments. Specifically, col(xi(1), . . . , xi(T )) = Xj

i , with
i ∈ {1, . . . ,M} and j ∈ {1, . . . , N}, is the state trajectory
of subsystem i when xk(0) = 0 and col(uk(0), . . . , uk(T −
1)) = U jk , for all k ∈ {1, . . . ,M}. Further, Y ji = xi(T )
after the j-th experiment. Finally, we indicate with

X =
[
X>1 · · · X>M

]>
, U =

[
U>1 · · · U>M

]>
, and

Y =
[
Y >1 · · · Y >M

]>
. (10)

the matrices comprising data recorded from all subsystems.
Throughout the paper we make the following assumption.

Assumption 2.1: The input matrix U is of full row rank.
Assumption 2.1 ensures that any desirable control belongs

to the image of the recorded data, i.e., for any T -steps input
sequence u ∈ RmT , there exists α ∈ RN such that u = Uα.

We remark that each subsystem knows only its recorded
data, and is unaware of the system matrices as well as the
experimental data recorded by the other subsystems. In the
next sections we characterize a distributed algorithm for the
subsystems to cooperatively compute the optimal solution to
(3) using only the local data (9).

III. DISTRIBUTED LEARNING OF OPTIMAL CONTROLS

When the system matrices are not known, a solution to
the minimization problem (3) can be computed using the
experimental data collected by all subsystems.

Theorem 3.1: (Data-driven solution to optimal control
problem (3)) Let P = (XU†)>Q>Q(XU†) +R>R, where
X and U are as in (10), and Q and R as in (7). Then,

U∗T = P−
1
2 (Y U†P−

1
2 )†xf (11)

equals the solution of the minimization problem (3). �
Theorem 3.1 provides a data-driven expression of the

optimal control input for the minimization problem (3.1),

and it complements the explicit formulas presented in [6]
for the minimum-energy case (that is, when Qi = 0). The
expression (11) can equivalently be written as (see also [3])

U∗T = U

(
I −KY

([
RU
QX

]
KY

)† [
RU
QX

])
Y †xf, (12)

with KY = Basis(Ker(Y )), which further highlights the
dependency of the optimal controls on the data (see the
Appendix for a proof of these results), and is the data-driven
formula analogous to (8), as highlighted in Fig. 2. Yet, both
expressions (11) and (12) require all the experimental data,
as well as knowledge of all local cost functions, which is
undesirable for interconnected and possibly large systems.
While a distributed data-driven solution to the minimization
problem (3) could be obtained using standard techniques for
distributed optimization, e.g., see [5], we follow a different
approach that will lead to an algorithm with desirable con-
vergence properties.

Following [6] we define the following auxiliary problems:

arg min
α

∥∥∥∥[RUQX
]
α

∥∥∥∥2
2

s.t. Y α = xf

(13)

and

arg min
α

∥∥∥∥∥∥
αv
w

∥∥∥∥∥∥
2

2

s.t.

 Y 0 0
RU εIu 0
QX 0 εIx

αv
w

=

xf

0
0


(14)

where ε ∈ R>0 is a tunable parameter and Iu, Ix are identity
matrices of compatible dimensions.

We now characterize the feasibility and optimality prop-
erties of the auxiliary problems (13) and (14).

Lemma 3.2: (Properties of the auxiliary problem (13))
If α∗ is a minimizer of Problem (13), then U∗T = Uα∗ is

the minimizer of Problem (3). �
Lemma 3.3: (Properties of the auxiliary problem (14))

The minimization problem (14) is feasible, and admits a
unique solution, when ε 6= 0. Furthermore, if α∗(ε), v∗(ε)
and w∗(ε) are the minimizers of Problem (14) for ε > 0, then

lim
ε→0+

Uα∗(ε) = U∗T , (15)

where U∗T is the minimizer of Problem (3). �
Lemma 3.4: (Convergence of (15)) Let α∗(ε) be the

minimizer to Problem (14). It holds

δ(ε) = ‖U∗T − Uα∗(ε)‖ =
∥∥UKY Z(ε)K>Y H

>HY †xf
∥∥ ,
(16)

where Z(ε) = (K>Y (ε2I +H>H)KY )† − (K>Y H
>HKY )†,

and H =
[
(RU)> (QX)>

]>
. �

Lemma 3.2 and 3.3 provide alternative data-driven ways
of computing the solution to the optimal control problem
(3), which constitute the basis of our distributed procedure.
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Fig. 3. This figure shows the convergence of the data-driven solutions to
(14) to the model based expression (8). Upward triangles show the conver-
gence of the centralized approach (15), while downward triangles show the
convergence of the distributed Algorithm 1. The system interconnections are
described in Fig. 1 (matrices Aij are chosen from a random distribution),
and the optimality and feasibility errors are described in Fig. 2.

Informally, our distributed data-driven procedure to compute
the optimal controls is as follows:

(S1) At the algorithm initialization each subsystem i com-
putes γ̂i = col(α̂i, v̂i, ŵi) as the minimum norm
solution to Wiγ̂i = col(xf

i, 0
v
i , 0

w
i ), that is γ̂i =

W †i col(xf
i, 0

v
i , 0

w
i ), where 0vi ∈ RTmi and 0wi ∈ RTni

are vectors of all zeros. Let

Wi =

 Yi 0 0
RiUi εIui 0
QiXi 0 εIxi

 , (17)

and Ki = Basis(Ker(Wi)), whose columns span the
subspace orthogonal to γ̂i. Here, Iui (resp. Ixi ) is a
matrix whose rows are the rows of Iu (resp. Ix)
corresponding to the indexes that extract RiUi (resp.
QiXi) from RU (resp. QX) in (14), i.e., RiUi = Iui RU
(resp. QiXi = Ixi QX).

(S2) Each subsystem i transmits γ̂i and Ki to its neighboring
subsystem j, and receives its neighbors’ γ̂j and Kj .

(S3) Every subsystem i updates its current estimate γ̂i as

γ̂+i = γ̂i +
[
Ki 0

] [
−Ki Kj

]†
(γ̂i − γ̂j), (18)

and updates the space orthogonal to the newly found
γ̂i as Ki = Basis(Im(Ki) ∩ Im(Kj)). Finally, the
first N elements of γ̂i are returned, i.e., the elements
corresponding to α̂i.

At the initialization step (S1) the solution γ̂i is feasible
for each subsystem, i.e., Yiα̂i = xf

i, i ∈ {1, . . . ,M}. This
follows from the fact that all of the matrices Yi are of full
row rank because of Assumption 2.1 and the controllability
of (A,B). However, at this stage, γ̂i, and hence α̂i, is not
optimal, as no information has yet been shared among the
subnetworks. During each update in (S3) γ̂i remains feasible
and α̂i monotonically approaches the minimizer α∗(ε) to
(14). If the interconnection graph G is connected, after at
most d iterations, with d being the diameter of G, the estimate
α̂i of each subsystem equals the minimizer α∗(ε) to (14).

This procedure is described formally in Algorithm 1, and
its convergence to the solution to (14) is proved next.

Theorem 3.5: (Distributed learning of data-driven opti-
mal controls) Let G be a connected graph with diameter d,

Algorithm 1: Distributed data-driven optimal control

Input: xf
i, Wi, d

γ̂i = W †i col(xf
i, 0

v
i , 0

w
i )

Ki = Basis(Ker(Wi))
for d times do

for j ∈ Ni do
Receive: γ̂j , Kj

γ̂+i = γ̂i +
[
Ki 0

] [
−Ki Kj

]†
(γ̂i − γ̂j)

Ki = Basis(Im(Ki) ∩ Im(Kj))
γ̂i = γ̂+i

end
Transmit: γ̂i, Ki

end
Return: α̂i = γ̂i[1 : N ]

and let α̂i be the value returned by Algorithm 1. Then, for
all i ∈ {1, . . . ,M}, α̂i is the solution to (14). �

In Fig. 3 we show the convergence, as ε approaches zero,
of Uα∗(ε) to the optimal input U∗T , for α∗(ε) computed
as the centralized solution to (14) and for α∗(ε) computed
via the distributed procedure in Algorithm 1. The solution
is feasible for every choice of ε, as the feasibility error is
always small. The error on the computed controls decreases
with ε, following the error characterization of Lemma 3.4.

A key strength of this approach is given by its convergence
properties. In fact, once a desired accuracy δ̄ > 0 on the
optimal solution is chosen, one can always find ε such that
δ(ε) < δ̄, guaranteeing the desired performance, through
(16). We remark that the optimality gap (16) is a function
of the available data and the parameters Q and R. Finally,
Algorithm 1 reaches a feasible solution in a finite number
of steps, which is bounded by the network’s diameter. These
are desirable properties of this approach, as it guarantees
feasibility in a finite number of steps, and a bounded error
on the optimality of the solution.

IV. NUMERICAL RESULTS

We complement the theoretical results of Section III
through numerical simulations. To highlight the convergence
properties of Algorithm 1, we consider (see Fig. 4) a chain
network and a ring network. Both networks have the same
number of subnetworks, but differ in diameter. The chain
(or line) network is intended as a worst-case scenario for
this approach, as it maximizes the diameter of the network
for a given number of subsystems. As is shown in Fig. 4,
after a number of iterations equal to the diameter of the
network we reach the optimal, feasible, solution. For the
k-th iteration of Algorithm 1, subnetwork i computes its
own control inputs as ûi[k] = Uiα̂i[k], where α̂i[k] is the
interim value of α̂i at iteration k. The dynamics of (2) when
ûi[k] is fed to all i ∈ {1, . . . ,M} is compared to the one
induced by the model-based optimal control (3). For each
iteration we highlight the distance of the solution from the
feasibility constraint and from the optimal cost. Finally, we
perform the same analysis on a ring network which has the
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Fig. 4. This figure shows the convergence of Algorithm 1 (ε = 0.01) for
an undirected chain network (solid line) and a ring network (dashed line).
Both networks have M = 6 subsystems; the chain network has diameter
d = 5, and the ring network has diameter d = 3. For both networks the
total number of states and inputs, respectively, is n = 24 and m = 14.

same number of nodes as in the previous example, but has a
smaller diameter. As expected, in this scenario Algorithm 1
converges to the solution in a smaller number of iterations,
thanks to the network’s smaller diameter.

V. CONCLUSIONS

In this paper we present a distributed algorithm to compute
quadratically-optimal controls using only local experimen-
tal data, and without knowing a model of the underlying
dynamics. Our algorithm relies on a new set of closed-
form expressions of the control inputs that solve an optimal
(open-loop and finite-time) control problem with quadratic
cost function and terminal constraint, converges in finite-
time, and provides guarantees on the optimality properties
of the solution. Issues of robustness to noise and adversarial
manipulation of the data and cooperation protocol, as well as
the application to systems with nonlinear and time-varying
dynamics, remain promising avenues for future investigation.
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APPENDIX

A. Proof of Theorem 3.1

Using the fact that XT = FTUT (cf. Eq. (4)), Problem (3)
can be written in centralized form as

min
UT

∥∥∥P 1/2UT

∥∥∥2
2

s.t. CTUT = xf
(19)

where P = F>T Q
>QFT +R>R � 0. Letting VT = P 1/2UT ,

Problem (19) becomes

min
UT

‖VT ‖22

s.t. CTP
−1/2VT = xf

(20)

whose minimizer is V ∗T = (CTP
−1/2)†xf. Thus, the mini-

mizer of (19) can be written as

U∗T = P−1/2V ∗T = P−1/2(CTP
−1/2)†xf. (21)

Next, note that matrices CT and P can be written in terms
of the data matrices U , X , and Y as

CT = Y U†, (22)

P = (XU†)>Q>Q(XU†) +R>R. (23)

Substituting (22) and (23) in (21) concludes the proof. �

B. Proof of Lemma 3.2

By linearity of the system, the state trajectory and final
state generated by the input vector Uα, α ∈ Rn, are Xα and
Y α, respectively. Thus any minimizer α∗ to Problem (13)
yields the (unique) optimal control sequence via U∗T = Uα∗.
We can derive an explicit form of the optimal vectors α∗,
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by substituting the constraint of Problem (13) into the cost
function. This yields the problem

min
w

∥∥∥∥[RUQX
]

(Y †xf +KY w)

∥∥∥∥2
2

(24)

where KY = Ker(Y ). The minimizers w∗ to (24) define the
set of optimal vectors α∗ via

α∗ = Y †xf +KY w
∗

=

(
I −KY

([
RU
QX

]
KY

)† [
RU
QX

])
Y †xf + r, (25)

where r ∈ Ker
[
(RU)> (QX)>

]> ⊆ KerU . The resulting
(unique) optimal control U∗T = Uα∗ is given in (12). �

C. Proof of Lemma 3.3

From the constraints in (14) it holds, for all ε > 0,

v = −1

ε
RUα, w = −1

ε
QXα.

Substituting these equations in the cost function, Problem
(14) can be rewritten as

α∗(ε) = arg min
α

ε2 ‖α‖22 +

∥∥∥∥[RUQX
]
α

∥∥∥∥2
2

s.t. Y α = xf.

(26)

If α∗(ε) is bounded as ε → 0+, then α∗(ε) converges to
the (minimum norm) solution to Problem (13) as ε → 0+,
and (15) holds. Thus, it remains to prove the boundedness
of α∗(ε) as ε → 0+. To this end, we note that by writing
α∗(ε) = α1(ε) + α2(ε) with

α1(ε) ⊥ Ker

[
RU
QX

]
and α2(ε) ∈ Ker

[
RU
QX

]
,

the cost of (26) evaluated at α∗(ε) reads as

C(α∗(ε)) = ε2 ‖α1(ε)‖22 + ε2 ‖α2(ε)‖22 +

∥∥∥∥[RUQX
]
α1(ε)

∥∥∥∥2
2

.

(27)

The vector α1(ε) satisfies Y α1(ε) = Y α∗(ε) = xf because
Ker

[
(RU)> (QX)>

]> ⊆ KerU ⊆ KerY . From the latter
fact and (27), it follows that it must be α2(ε) = 0, ∀ε > 0, for
α∗(ε) to be optimal. Further, from (27) and the fact that there
always exists a α (e.g., α = Y †xf) which is independent of
ε and satisfies the constraint in (26) (thus yielding a cost
which is bounded ∀ε > 0), it follows that α1(ε) = α∗(ε)
must be bounded as ε→ 0+. This concludes the proof. �

D. Proof of Lemma 3.4

Letting H =
[
U>R> X>Q>

]>
, Problem (14) can be

rewritten as (cf. (26)),

α∗(ε) = arg min
α

∥∥∥∥[εIH
]
α

∥∥∥∥2
2

s.t. Y α = xf.

(28)

The minimizer of (28) is α∗(ε) = Y †xf −KY w
∗(ε) with

w∗(ε) = arg min
w

∥∥∥∥[εIH
]

(Y †xf +KY w)

∥∥∥∥2
2

=

([
εI
H

]
KY

)† [
εI
H

]
Y †xf

=
(
K>Y (ε2I+H>H)KY

)†
K>Y (ε2I+H>H)Y †xf

=
(
K>Y (ε2I+H>H)KY

)†
K>Y H

>HY †xf, (29)

where in the last-but-one step we used that A† = (A>A)†A>

for any matrix A, and in the last step K>Y Y
† = 0. Similarly,

we can rewrite any minimizer to Problem (13) as (cf. (25))

α∗ =
(
I −KY (HKY )

†
H
)
Y †xf + r

=
(
I −KY

(
K>Y (H>H)KY

)†
K>Y H

>H
)
Y †xf + r,

(30)

where r ∈ Ker(H). From (28) and (30), it follows that
‖U(α∗ − α∗(ε))‖ = ‖U∗T − Uα∗(ε)‖ equals (16).

E. Proof of Theorem 3.5

The proof follows an argument similar to the one of [21,
Theorem 3.3]. Let γ̂i be the estimate of subsystem i, Wi

be defined as in (17), and Ki = Basis(Ker(Wi)). Observe
that γ̂ = W †i col(xf

i, 0
v
i , 0

w
i ) ⊥ Ker(Wi). Let i and j be

two neighboring subsystems, i.e, (i, j) ∈ E , then there exist
two vectors vi and vj such that γ̂i +Kiκi = γ̂j +Kjκj . In
particular, such vectors can be chosen as[

κi
κj

]
=
[
−Ki Kj

]†
(γ̂i − γ̂j).

Substituting κi back in γ̂i we have that the vector

γ̂+i = γ̂i +
[
Ki 0

] [
−Ki Kj

]†
(γ̂i − γ̂j)

is such that col(xf
i, 0

v
i , 0

w
i ) = Wiγ̂

+
i and col(xf

j , 0
v
j , 0

w
j ) =

Wj γ̂
+
i . Moreover, we have that γ̂+i ⊥ (Im(Ki)∩ Im(Kj)),

since [
κi
κj

]
⊥ Ker(

[
−Ki Kj

]
).

We notice that Kiκi ⊥ Im(Kj); by contradiction, if
Kiκi 6⊥ Im(Kj), then one can find κi = κ̃i +
κ̄i, where Kiκ̃i ⊥ Im(Kj) and Kiκ̄i ∈ Im(Kj).
Let κ̄j = K†jKiκ̄i and κ̃j = κj − κ̄j . Then[
κ̄>i κ̄>j

]> ∈ Ker(
[
−Ki Kj

]
) and hence

[
κ̄>i κ̄>j

]> 6⊥
Ker(

[
−Ki Kj

]
), which contradicts the hypothesis. We

conclude that
[
Ki 0

] [
−Ki Kj

]†
(γ̂i − γ̂j) ⊥ Im(Kj),

and, since α̂i ⊥ Im(Ki), we can conclude that γ̂+i ⊥
(Im(Ki) ∩ Im(Kj)). The theorem follows by noticing that
after a number of steps equal to the diameter of G, each
vector γ̂i verifies all the measurements, since we will have
that γ̂i ⊥

⋂M
j Im(Kj). Finally, we remark that the solution

we are interested in involves only the first N elements of γ̂i,
corresponding to α̂i, which solves Yiα̂i = xf

i. �
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